In the era of the next generation of gravitational wave experiments a stochastic background from cusps of cosmic (super)strings is expected to be probed and, if not detected, to be significantly constrained. A popcorn-like background can be, for part of the parameter space, as pronounced as the (Gaussian) continuous contribution from unresolved sources that overlap in frequency and time. We study both contributions from unresolved cosmic string cusps over a range of frequencies relevant to ground based interferometers, such as LIGO/Virgo second generation (AdLV) and Einstein Telescope (ET) third generation detectors, the space antenna LISA and Pulsar Timing Arrays (PTA). We compute the sensitivity (at 2σ level) in the parameter space for AdLV, ET, LISA and PTA. We conclude that the popcorn regime is complementary to the continuous background. Its detection could therefore enhance confidence in a stochastic background detection and possibly help determine fundamental string parameters such as the string tension and the reconnection probability.
I. INTRODUCTION
Cosmic (super)strings, formed as linear topological defects during symmetry breaking phase transitions [1, 2] , or in string theory inspired inflation scenarios [3] [4] [5] [6] [7] , may produce strong bursts of gravitational waves (GW) [8] [9] [10] [11] [12] . In particular, the emission from cusps, where, for a short period of time, the string reaches a speed very close to the speed of light, in oscillating cosmic (super)string loops, may be strong enough to be detected by the next generation of ground based detectors such as advanced LIGO/Virgo (AdLV) [13] [14] [15] and the planned Einstein Telescope (ET) [16] , the space antenna LISA [17] or Pulsar Timing Arrays (PTA) such as PPTA in Parkes/Australia, NANOGrav in North America, or EPTA in Europe [18] .
If strings can inter-commute and form loops that decay gravitationally or through some other channel (for example, Abelian strings), the network evolves toward a scaling regime [19, 20] , in which the statistical quantities that describe the network, such as the typical distance between strings and the average size of loops produced by the network, scale with the cosmic time, and the string energy density is a small constant fraction of the radiation or matter density. This regime is possible because the network produces loops which decay by radiating gravitationally, and take energy out of the network. There remains some uncertainty in the size of loops produced by a cosmic string network. One possibility is that the size of loops is set by the gravitational back-reaction scale, the scale of perturbations on long cosmic strings [21, 22] . In this case the loops produced are sufficiently small that they radiate away radiate away the energy associated with their length in less than, or of order, a Hubble time. Another possibility, suggested by recent numerical simulations [23] , is that loops form at a much larger size comparable to the Hubble length at the time of formation.
In this case loops live for a long time decaying gravitationally in many Hubble times.
In this work we treat the strings as one-dimensional objects (zero width, or Nambu-Goto approximation) and we will consider the case of small loops, leaving the large loop case for a future publication. The rate and the amplitude of the bursts depend on three parameters, the string tension µ (we consider Nambo-Goto strings), the reconnection probability p and the typical size of the closed loops produced in the string network ε. The closest sources can be detected individually, while unresolved sources at higher redshift contribute to a stochastic background, with a popcorn-like noise on top of a (Gaussian) continuous background [8] [9] [10] [11] [12] .
In this paper, we investigate the GW signal for a grid of values in the parameter space.
We compare the popcorn and the continuous contributions over a range of frequencies from 10 −12 − 10 4 Hz and discuss the constraints that could be placed on the parameters by AdLV, ET, LISA and PTA, using the standard cross correlation statistics [24] .
For cosmic (super)strings we find that the popcorn regime is complementary to the (Gaussian) continuous background. The popcorn signature detection would enhance confidence in the Gaussian stochastic background detection and could also help determine fundamental string parameters such as the string tension and the reconnection probability.
In section II we compute the rate of expected burst signals from cosmic string cusps. In section III we compute the stochastic background in the popcorn and continuous regimes.
In section IV we discuss the detection of the two signatures and we compute the expected constraints in the signal parameters space placed by future AdLV, ET, LISA and PTA experiments. Finally, we conclude with a summary of the paper and future research that can be motivated by this work.
II. RATE OF COSMIC STRING BURSTS AND DETECTION REGIMES
Cusps tend to be formed a few times during each oscillation period [25] . The rate of bursts at the observed frequency f from the redshift interval dz, from loops of length l is given by [11] ,
where H 0 is the Hubble constant, ϕ V (z) is the dimensionless co-moving volume element (Appendix A), the factor (1+z) −1 corrects for the cosmic expansion, and ν(z, l) is the number of cusps per unit space-time volume from loops with lengths l at redshift z. Because the GW emission is beamed in the direction of the cusp, only a fraction ∆(f, l, z) (the beaming fraction) can be observed at frequency f . When loops formed are small, so that the length is gravitationally radiated away in a Hubble time, l is given by its redshift as:
where t(z) = H −1 0 ϕ t (z) is the Hubble time (Appendix A), α = εΓGµ, Gµ is the tension in Planck units (G being the Newton constant), and Γ ∼ 50 is a constant related to the power emitted by loops into GWs [11] .
In this case:
where n c is the number of cusps per loop oscillation (we will assume n c = 1 in average), and n(z, l) is the loop size distribution:
The beaming fraction is given by:
where
is the maximum angle that the line of sight and the direction of a cusp can subtend and still be observed at a frequency f . The ignorance constant g 2 absorbs factors of O (1), as well as the fraction of the loop length l that contributes to the cusp [11] . We expect g 2 to be of O(1) if loops are smooth.
The cutoff redshift is solution of the equation θ m (f, z m ) = 1 and is shown in Fig. 1 .
Interestingly, the dependence on the string parameters Gµ, ε, p and on the frequency f is going to enter through a pre-factor, and we can then re-write the expression of the rate as:
with
and
The rate as a function of the redshift z for different sets of parameters and for a frequency f = 1 Hz is plotted in Figure 2 . The rate increases with z until it reaches the cutoff z m , with a slope which is larger in the radiation era after z eq ∼ 3400 (Appendix A). As expected, the rate is larger for smaller values of the reconnection probability p, the tension Gµ or the typical length ε. The vertical dashed line indicates the transition redshift between matter and radiation eras.
The GW signal from the population of cosmic strings falls into three different statistical regimes, characterized by the value of the quantity (see Figure 2 ):
where τ is the duration of the signal (typically 1/f at the frequency f [10, 26] ), and the integral is the inverse of the time interval between successive events arriving from redshift < z. This quantity is often called the duty cycle [26] and is simply the average number of sources overlapping in a typical frequency band ∼ f , around the frequency f . It can be compared to the overlap function of [27] , which is the number of sources present, in average, in a frequency bin ∆f around the frequency f . Notice that taking ∆f ∼ 1/T , where T is the observation time, determines whether sources create a confusion background in the framework of single source detection [27] , which is not the purpose of this work, where we are interested in the detection of the background itself.
Based on the value of Λ we distinguish the following three regimes:
1. shot noise: at low redshift, the number of sources is small enough for the time interval between events to be long compared to the duration of a single event. Sources are separated by long stretches of silence and the closest ones may be detected individually.
2. popcorn noise: when the redshift and the number of sources increases, the time interval between events becomes comparable to the duration of a single event. The number of sources present at the frequency f is a Poisson process, sometimes there is no GW signal, sometimes sources overlap, and the sum of the amplitudes at a given time is still unpredictable. These signals, which sound like crackling popcorn, are known as popcorn noise.
3. continuous: the number of sources is large enough for the time interval between events to be small compared to the duration of a single event. Sources overlap at the frequency f to create a continuous background (there is always a GW signal present) that is Gaussian in nature (due to the central limit theorem, if the number of sources is large, the sum of their amplitudes has a Gaussian distribution) and can be confounded with the detector noise.
[ [8] [9] [10] first discussed the presence of a popcorn-like noise on top of a continuous stochastic background for cosmic strings . They adopted the value of Λ = 1 as the limit between the continuous and popcorn regime. In this paper we follow [28] and consider a more conservative value of Λ = 10, in order to ensure also Gaussianity. It is worth pointing out that the results are not too sensitive to this choice.
III. THE STOCHASTIC BACKGROUND
The spectrum of the gravitational stochastic background is usually characterized by the dimensionless parameter [24] :
and for the case of cosmic strings is given by [12] :
where we have added up individual contributions at all redshifts, excluding the very nearby (z 0 ≈ 10 −6 or 5 kpc), and where the gravitational strain produced by a cosmic string cusp is [8] [9] [10] [11] [12] ,h
The low frequency cutoff of the gravitational wave signal, f l , is determined by the size of the cusp -a scale which is typically cosmological. As a result the low frequency cutoff of detectable radiation is determined by the low frequency behavior of the instrument (for terrestrial detectors, for instance, by seismic noise). The high frequency cutoff depends on the angle between the line of sight and the direction of the cusp θ, as
The amplitude A of a cusp from a loop of length l at a redshift z is given by [11] ,
Here g 1 is an ignorance constant that absorbs the uncertainty on exactly how much of the length l is involved in the production of the cusp and ϕ r (z) is the dimensionless proper distance (Appendix A).
We define the stochastic background as the sum of the continuous and popcorn contributions:
where z * (f ) is the redshift at which Λ(z * (f )) = 10 (see Fig. 1 )
The shape of the continuous background is determined by a very sharp rise at f 0 ≈ 4.7 × Gµ, ε and p affect the amplitude of the power spectra through an overall scaling factor
2/3 p −1 but also through the bounds z m ∝ εGµ and z * of the integrals over redshift. In the case of ε the two effects compensate so that finally, the amplitude doesn't depend on this parameter. Another interesting feature is that the parameter p doesn't affect the two backgrounds the same way. In fact, unlike z m (f ), the popcorn maximal redshift depends on the parameter p. Decreasing the reconnection probability p increases the overall factor F s but also reduces z * , canceling part of the gain. For p = 1, in the denser regions from dark black to heavy grey, the popcorn background contribution dominates and is expected to significantly contribute to the signal-to-noise ratio (see section IV). For p = 10 −3 , the background is always dominated by the continuous contribution. In the complementary light grey regions the continuous contribution dominates.
Decreasing the frequency, the popcorn dominated area is shifted toward larger values of ε.
For the LISA typical frequency f = 10 −3 , the popcorn dominated area is slightly reduced, LISA and PTA frequencies.
IV. PARAMETER SPACE CONSTRAINTS
In this section we concentrate on the detection of the stochastic background with planned/proposed future detectors and the bounds they can place in the parameter space.
For a given detector we assume that the gravitational wave emission from a single cosmic string cusp is present for approximately τ = 1/f L , where f L is the lowest observable detector frequency. We then compute the popcorn and continuous contributions to the stochastic background using Eq. 3.8 and 3.9, requiring that Λ(f ) is smaller or larger than 10.
For terrestrial interferometers (AdLV, ET) we use the frequency domain method of crosscorrelation between pairs of detectors [24] . This technique has been shown to be optimal for continuous stochastic backgrounds and to perform nearly optimally for the popcorn contribution down to very small values of Λ [29] (much smaller than our threshold value of Λ = 10). The signal-to-noise ratio (SN R), for an integration time T , obtained by cross- correlating two interferometers, is given by [24] :
where γ is the normalized overlap reduction function characterizing the loss in sensitivity due to the separation and the relative orientation of the detectors,
2 (α)/5 is the sum of the detector power pattern functions, averaged over sky position and polarization (giving a measure of the angular efficiency), α is the opening angle between the interferometer's arms (π/2 for AdLV, π/3 for ET), and P 1 and P 2 are the strain noise power spectral densities of the two detectors.
For LISA and PTA we simply compare the GW signal to the expected sensitivity (using the LISA strain noise power spectral density of the standard Michelson configuration [17] and the Parkes PTA's projected sensitivity [30] ). It is worthwhile to notice that for LISA it may be possible to combine the symmetrized Sagnac with the Michelson configuration and nearly achieve the sensitivity of cross correlating two LISA detectors [31, 32] . However giving the uncertainties on the planned configuration, we preferred not to consider it in this paper.
Figures 7, 8, 9 and 10 show regions in the ε-Gµ plane where both the popcorn and the continuous contributions can be potentially constrained. We compute the sensitivity (at 2σ level), assuming one year integration time, and following [33] . For comparison purpose, we also show the bounds from Big Bang Nucleosynthesis (BBN) and CMB observations, including the future Planck experiment [12, 33] on the GW stochastic background formed before BBN (z ∼ 5 × 10 9 ) and before the CMB photons decoupled (z ∼ 1100) respectively.
As we can see there is a large area where it could be possible to constrain both signatures. 11) , the area of the parameter space probed by the popcorn contribution is always included in the area probed by the continuous background. This may change in the future with the development of specific data analysis techniques that could perform up to a few times better than the standard cross correlation statistic used in this paper [29, 34, 35] . Also, for cosmologies other than the standard one used in this paper, for example (see Appendix A), if the redshift at the transition between the matter and radiation era z eq were larger than ∼ 4000, there would be a small region where terrestrial detectors could detect the popcorn contribution only. In this paper, we investigated the popcorn and continuous (Gaussian) contribution to the background mapping it onto the cosmic string parameter space. The transition between the two regimes depends on the frequency (the larger the frequency, the smaller the transition redshift z * ) and on the cosmic string parameters, in particular on the reconnection probability p (the larger is this parameter, the larger is the rate and the smaller is z * ).
We found that the popcorn contribution may dominate in different regions of the parameter space and over different frequency ranges. It is therefore worthwhile to develop data analyses methods that can better capture the popcorn signature as well as the continuous.
Future gravitational wave experiments, such as Advanced LIGO/Virgo, Einstein Telescope, LISA or PTA, may be able to observe both gravitational wave signatures.
We computed the sensitivity (at 2σ level) in the cosmic strings parameter space for AdLV, ET, LISA and PTA. The deduced regions cover a large area of the parameter space but the popcorn contribution to the stochastic background is expected to be more pronounced at higher frequencies where ground based detectors operate. The case of large loop cosmic strings, of relevance to LISA and PTA, will be the subject of a following study. In this paper we used the same method for the popcorn and for the continuous backgrounds, but specific data analysis techniques that could perform up to a few times better than the cross-correlation statistics when the background is not Gaussian have been proposed [29, 34, 35] and are currently investigated in the LIGO/Virgo collaboration. An important aspect of detecting the popcorn and continuous background, which further motivates the development of specific data analysis techniques in this case, is the possibility of pinning down the parameter space as additional statistical information is carried by the popcorn sector of the spectrum. As shown in this work, in part of the parameter space the relative contribution of the popcorn and continuous backgrounds to the measured signal to noise ratio crucially depends on both the string tension and the reconnection probability. Breaking the degeneracy in these parameters requires, as expected, two measurements.
Further work on parameter estimation is currently pursued by some of the authors. PTA's sensitivity in Ω gw corresponds to a 0.1% false alarm rate and a 95% detection rate upper bound (using [30] density of matter, Ω r = 8.5 × 10 −5 for the energy density of radiation, and assuming a flat
The dimensionless cosmological time at redshift z is given by:
where E(Ω, z) = Ω Λ + Ω m (1 + z) 3 + Ω r (1 + z) 4 (A2)
The dimensionless proper distance at redshift z by:
ϕ r (z) = In the denser black regions the popcorn background has a larger contribution in the signalto-noise ratio. In the lighter grey regions, on the other hand, the continuous contribution dominates.
In the white region in the bottom left corner, there is negligible GW signal from cosmic strings in the considered frequency range.
And the dimensionless volume at redshift z by:
The redshift at the transition between the matter and the radiation dominated eras can be deduced form Eq. A2:
